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The strong dual space of linear continuous functionals on a 
weighted space G of infinitely differentiable functions defined on the 
real line is described in terms of their Fourier-Laplace transforms. 

1. Preliminaries and the main result. 

Let Mo = 1, Ml, M2, ... , be an increasing sequence of positive numbers 
wliich satisfies the following conditions: 
z). Ml < Mk-iMk+i yk e N; 

ii). lim I — I = 1. 

^ fc-.oo \ Mk J 

in). 3(5 1,(52 > such that 

Let ^ 

w{r-) = sup In — — , r > 0, w{0) = 0. 
fcez+ Mfc 

w is continuous for r > [3] and w{r) = for r G [0, Mi]. From this and the 
condition in) it follows that there exists > such that 

w{r) < A^r , r > 0. (1) 

It is clear that is a subharmonic function in the complex plane. 

For z E C, t > denote by D{z, t) an open disk of radius t about a point 
z and by dD{z,t) its boundary. 
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Let a > 1 and : M — > [0, oo) be a convex function satisfying the 
conditions: 

1. > such that for any xi, ^2 G M 



iV'(xi) - i;{x2)\ < A^{1 + \xi\ + |x2|)"-'|xi - X2\; (2) 

2. hm = +oo; 

a;— »oo \x\ 

3. for any z & C, \z\ > 1, 

IJ,^{D{z,t)) < c^lzl'^'h, t e (0, 1^1), 

where /i^ is a measure associated by Riesz with subharmonic function 
ipllm 2;), > is some constant. 

q{ X] 

For a function : IR — > [0, 00) such that -p-p- — > +00 as x — > 00 the 

\x\ 

Young transform g* of g is defined by 

= sup{xy - g{y)), x eR. 

g* (x) 

g* is convex and —r—. > +00 as x — > 00 [10]. Moreover, if g is convex then 

the inversion formula holds [10]: (g*)* — g. 
Let (p — ^From (2) 

ip{x) > A^\x\^ - B^, X e R, (3) 

where A.^, are some positive numbers. 

As usual £{M.) will denote the space of infinitely differentiable functions 
defined in IR with the topology of uniform convergence of functions and all 
their derivatives on compact subsets of M. C(R) will denote the space of 
continuous functions in M. H{C) is the space of entire functions equipped 
with the topology of uniform convergence on compact sets of complex plane. 
For a locally convex space X let X* be the strong dual of X. 

Fix (7 > 0. Let {£m}m=i arbitrary decreasing to zero sequence of 

positive numbers. Set 9m{x) — exp((/?(x) — mln(l + |x|)), x e R, m e N. Let 

I fWfxll 

Gm-{fe£(R):\\f\\a,^= sup . , .JJ' (,. <^h^^^- 

00 

We let G = Pi Gm and endow this vector space with its natural projective 

m=l 

limit topology. It is clear that the definition of G doesn't depend on the 
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choice of the sequence {£m}m=i- It is easy to show that for any m e N the 
canonical (inclusion) mapping i„t+i,m '■ Gm+i Gm is relatively compact in 
Gm- So G is the space (M*) (see for definitions [11]) ^From this and theorem 
5 of [11] it follows that G* is a space (LN*). 

Let w^d^;!) = w{{a + £m)~^\z\), z e C,m e N. Let 

Pm=\fe H{C) : 11/11^ = sup ^^^'^] ^ < ooj , m e N. 

I zee ewwi^m z) + Wm{\z\)) J 

Let P be the union of these normed spaces with a topology of inductive limit 
of the spaces Pm- 

For T e G* we define the Fourier-Laplace transform T" of T" by 

f'(z) =T(e-^^^), zeC. 

The main point of our work is to characterize the dual space G* of linear 
continuous functionals on G in terms of their Fourier-Laplace transforms. 
The similar problem was considered in [14] , but the method presented there 
is not applicable in our case (see condition $ 3 in [14], p. 48). Our principal 
result is the following theorem. 

Theorem 1. The Fourier- Laplace transform establishes topological isomor- 
phism of the spaces G* and P. 

We establish surjectivity of the Fourier-Laplace transform by using the 
representation of entire functions from P in the form of the Lagrange series. 
This idea comes from [15]. To realise this idea we construct some special 
entire function. For the construction of this entire function we use results of 
R.S. Yulmukhametov [16], [17] and M.I. Solomesch [7], [12], [13]. 

2. Auxiliciry results. 



Lemma 1. For any zi,Z2 ^ C 

\w(\z2\) - w(\zi\)\ < A^e\z2 - zx\. (4) 

Proof. Let N{r) = min |a; e Z+ : w(r) 

r > 0. Using the inequality from [15, Lemma 1.2]: w{r) 
N ^-j , r > 1, and the estimate (1), we obtain 

N(r) < Ayjcr, r > (5) 



-wil) > 
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^Prom the equality (see [3], [15, Lemma 1.2]) 

w(r) - w(l) = / dx , r > 1, 

J X 
1 

and the estimate (5) we derive that: 

w{r2) - w{ri) < Ay,e{r2 - ri), r2 > ri > 1; 

w{r2)-w{ri) = w{r2)-w{l) < A^e(r2-1) < Ay,e{r2-ri),r2 > l,ri G [0, 1]. 

Since w{r) = for r e [0, Mi] then from two last inequalities the statement 
of Lemma follows. 

Lemma 2. For any A > 0, m G N3Q > such that 

Wm{\z\) +A\n{l + \z\) < Wm+i{\z\) + Q, z E C. 

Proof. Let N{r) be defined as in Lemma 1. Then > 



Consequently, r < —rj^-^-^- Prom this, using ii), for any 5 > we can 

Mjv(r) 

Inf 

find ^5 > such that r < As(l + 5)^^. Thus, N(r) > , , \. . Set 

ln(l + 0) 



\z\ 



, zeC,Zy^O. Then 



a + Er 

N{r) 



Wm+l{\z\) - Wm{\z\) > In 



/ 1^1 y> 1 
\a + em+lj MN{r) 



In I ( = ko{r)ln^±^ > ^IMZ+lA . ^ + 



In 



a + EmJ MN{r) J CF + Sm+l ln(l + (5) (7 + £^+i ' 

Now we can choose so small 5 and then siutable constant Q > so that for 
all ^ e C 

Wm+i{\z\) - Wm{\z\) > Aln(l + |^|) - Q. 
Lemma 2 is proved. 

Using Lemma 2 it is easy to show that for any m G N the canonical 
(inclusion) mapping 7m,m+i : Pm Pm+i is relatively compact in Pm+i- So 
P is a space (LN*) (see for definitions [11]). 
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Lemma 3. Let T e G*, say for some mo G N, c > 

\T{f)\<c\\f\\a,m,, f^G. 
Then T can he represented in the form 

^^^^ ^ £ {<y + e^,YM, L fcii 

where fik are complex bounded measures in M such that for all k e Z+ 
kd\^k\{x) < c. 

The proof of the Lemma is standard [1] . 
For ^ e C we let 

fz{x) = exp{—izx), x e M. 

Lemma 4. For every z E C fz E G. 

Proof. For every 2; e C, m e N we have 

\{-iz)'' exp{-izx)\ 

WfzWcm = sup 



= exp(u'^(|2;|)) exp{sup{x Im z — ln9m{x))), zeC 

Let's obtain the upper estimate of sup(a; Im z — In 6*^(2;)). ^From (3) it 
follows that for some Ajn{^), B^[lp) > 

(p{x) — mln(l + \x\) > Am{<p)\x\"^ — B^{(p), x e R. 

Hence there exists ym > such that for all z E C, \Im z\ > ym, the supremum 
of X Im z — ip{x) + mln(l + |a;|) over R is attained at some point Xm & 
{-{2A-^{cp)\Im z\)''-\{2A-^{ip)\Im zl)""-^). If \Im z\ > ym, we have 

sup(x Im z — (f{x) +mln(l + \x\)) — sup(x Im z — (f{x)) 

< mln(l + \xm\) < ln(l + {2A-\<p)\Im 
< m{a-l)\n{l + \Im z|) + m(Q; - 1) ln(l + 2^-^((^)) + m In 2. 

Using inversion formula for the Young transform and choosing appropriate 
constant bm > 0, we have for all 2; e C, m e N 

sup(x Im ^ — In Om{x)) — ip{Im z) < m{a — 1) ln(l + \Im z\) + bm- (6) 

xeM. 
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Consequently, 

ll/^llcm ^ exp(V^(/m z) + Wrn{\z\) + m{a - 1) ln(l + \Im z\) + bm),z eC. 
By Lemma 2 3g„ > such that 

\\fz\\G,m ^ exp(V^(/m z) + + qm),zeC. (7) 

Thus, e G for all ^ e C. 

Lemma 5. Suppose that for T E G* there are c > 0, m G N such that 

\T{f)\ < cWfWcm ^ /eC. (8) 
Then T is entire and satisfies 

\f{z)\<ceM^iIrn z)+Wm+i{\z\) + qm), z e C, (9) 
where is the same as in (7). Moreover, T can be represented in the form 

oo 
fc=0 

where are entire functions such that for some ^4 > independent of k 

A{1 + exp(V'(/m z)) 



[a + SmrMk 
Proof. Using lemma 3 we have 



-, zeC 



(10) 



k=0 



dij,k{x), z eC, 



(11) 



where /ik are complex bounded measures in R such that for all A; e Z_| 



dlnklix) < c. 



Using the boundedness of the measures Hk and the estimate 



On{x) 



< exp(^(/m z) + l{a - 1) ln(l + \Im z\) + bn), 



(12) 



(13) 
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which follows from (6) and holds for every zeC,xE'R,neN, it's easy to 
show that 

[a + SmrMk Jr 9mKX) 

is entire. The estimate (10) immediately follows from (12), (13) (set n = m). 
Prom this and the condition iii) it follows that the series in the right-hand 
side of (11) converges in the topology of H{C). Consequently, T is entire. 
The estimate (9) is obtained from (7) and (8). 

Lemma 6. Let F e P has the form F{z) — U{z)V{z),z e C, where entire 
functions U, V for some m e N, Cu, Cy > satisfy the estimates: 

|^(^^|^ Cc;exp(^(/rn.)) ^ ^ ^ ^. 
1 + \z\ 

\V{z)\ < Ci/e^'-d^l), zeC. 
Then there exists T & G* such that T — F and 

\T{f)\<PmCuCv\\f\\ 

G,m+1 ' 

where fim > is some constant depending only on m. 

Proof. ^Prom the estimate of \U{z)\ it follows (see, for example, [4], [5], 

[8]) that 3p e C(R) such that: 

C 

1. sup \p{t)\exp{ip{t)) < 

tern. ^ 

2. U{z) = j^p{t)e-''* dt, zeC. 

Further, by the Cauchy inequality for Taylor coefficients of entire function 

oo 

V{z) — VkZ^ we have 

fe=0 

I • f^'^v{wm{r)) ^ . exp(w(r)) 

\vk\ < Cv mf . = Cvw + em) mf . , k e Z+. 

Using the equality [3] 

.^^exp(^^l 
r->o r^ Mk 

we get 

\vk\ < Cv{(T + SmT'^Mk-^, k e Z+. (15) 
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Define the functional T on G by the formula 

„ oo 

T{f)- / p{t)J2'^ki'f''\t) dt, fee. 

k=0 

It is defined correctly. Indeed, for every f & G 

oo oo 
k=0 k=0 

Using (15), we have for every f & G 

oo 
k=0 

where Pm — — . Consequently, 

\T{f)\ < PmCvWfWa,^^, [ |p(t)|exp(^(t))(l + |tr(™+i) dt 

< PmCuCv\\f\\G,m+l, f^G. 

Thus, T eG*. Obviously, 

„ oo 

f(z) = / p{t)J2vki\-iz)''e-''' dt = U(z)V(z) = F(z), z E C. 

k=0 

3. The space 

Let 

= {/ e E{R) : Vn e Z+, m e N = sup < oo}. 

It is easy to see that S*{^) C G*. In this section we study the Fourier-Laplace 
transform of functionals from £^*($). 

If F G ^*(<I>) then 3 c > 0,n,m G N such that V/ G S{^) we have 
|-^(/)| < c||/|L„,. So, using (15), we have for some C > 

\F{exp{-ixz))\ < G{1 + |^|)'^+"^(«-i) exp(V^(/m^)), ^ G C. 

By Lemma 5 F is an entire function. The description of functionals from 
£*($) in terms of their Fourier-Laplace transforms will be done in theorem 
2. But at first we study the density of polynomials in ^($). We need the 
following simple lemma. 
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Lemma 7. Let function g defined on the real line satisfies for some constants 
A > 0,B the inequality 

g{x) > A\x\'^ - B, X eR. 

Then there exists constant C depending only on A and B such that for any 
m e N 

sup(mln(l + \x\) — g{x)) < (1 — a~^)mhim + Cm. 
Proof. For any m e N 

a. 

sup(mln(l + \x\) — g{x)) < sup(mln(l + \x\) — A\x\ "-^) -\- B 

x&B. iGR 

— B -\- sup(m ln(l + x) — Ax"^) < B + 2m + sup{mu — Ae'^'^) 

x>0 u>0 

= S + 2m + (1 - a~'^)m\nm - (1 - Q;"^)mln((l - a~'^)Ae). 

Theorem 2. The polynomials are dense in 

Proof. Let / G that is / G £(M) and for any n, m G N there exists 

Cm,n > such that for all X G M, A; = 0, 1, . . . , n 

\f^''\x)\<Cm,n9m{x). (16) 

Let us approximate / by polynomials in S{^). There are three steps in the 
proof. 

1. Let 7 G S(R) be such that supp 7 C [—2, 2], 7(2;) = 1 for a; G [—1, 1], 
< 7(x) < 1 Va; G M. Set f^{x) = f {x)'y{^), i/ G N,a; G M. Obviously, 
/. e ^(*)- 

Let us show that — > / in as — > 00. Take arbitrary m, n G N. 
Then 

— 7rT~\ — - :fl"TT - ^^P — 7rT~\ — ■ 

Consequently, as u —>■ 00 
Then, 

sup , . 

a;eIR,l<fe<n t>m[X) 



9 



I j: cif^'Kxy-'^i'-^K^J + /('n^)(7(^) - 1)1 

s=o 

= sup —— 

a;eIR,l<fe<n f^mK^) 

< sup — h sup 



i'<\x\<2h',l<k<n dm{x) |a;|>i/,l<fe<n dm{x) 

^Prom this, using (16) (substititing m by m+ 1), we conclude that as — > oo 

|(/.(a:)-/(a:))(^')| 

sup n ( \ ^ 

a;GR,l<fc<n ^m\Xj 

^From this and (17) it follows that \\fu — fWnm — ^ as z/ — cxd. Since 
m, n G N are arbitrary this means that the sequence {fy}'^=i converges to / 
in £{^) as 1/ — > oo. 



2. Fix e N. Let h{z) — ^ Ofe^^*^, 2; G C, /i ^ 0, be an entire function of 

fe=0 

exponential type 1 such that h G Li(R),/i(x) > 0, x G R. For example, we 
sin^ - 

may put /i(2;) = — ^ G C. 

z 

By the Paley-Wiener theorem 3g( G C(M) with support (7 C [—1, 1] such 
that 

1 

h{z) = J g{t)e-''' dt , zeC. 
-1 

Since 

1 

/tW(^) = J g{t)[-itfe-'^* dt , zeC, A; G Z+, 
-1 

then 

\h^^\x)\ <Cg,xeR,keZ+, (18) 

where Co = 2max|g(i)|. 

|t|<i '^^ ^' 

+00 

Let J h{x) dx — A. For A > we set 

—00 

UAx) = 4 / My)hiX{x - y)) dy, x eR. 
It is easy to see that fi,^x G 
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Let us show that f,^^x — > in £{^) as A ^ +00. Take arbitrary m, n e N. 
For any k e Z+,x e R 

/S(^) - /i'H^) = 7 / ifi'\y) - fi'\^))h{X{x - y)) dy 

^ JR 

[ ,{e\y)-fi'\xm\{x-y))dy 

J\y-x\<X-^ 

I , {fi'\y) - fi'\^))m^ - y)) dy = + h,,{x). 

^ J\y-x\>X--3 



A 

A 



'\y-x\>X 3 

Let Kn = ^„max Obviously, 



\hA^)\ < ^%^A-^ , xeR, A; = 0,1,... ,n; (19) 



|/2,fc(a;)| < ^ / ^h{t) dt , X eR, k = 0,1,... ,n. (20) 

Let £ > be arbitrary and G^, = inf 6*^(2;), m G N. Choose X{e) > 

so that — / h{t) dt < and 2CpX„A"5 < for A > A(£). 

^ i|t|>A3 4A„ 2 

Then from (19) and (20) it foUows that \\f^^x - U\\n,m < ^ ^ > ^i^)- 

Consequently, by the semi- norm || • ||^^ f^x ^ fu ^ ^ +00. Since 
n, m G N are arbitrary, it means that f^^x fv in as A — +00. 

3. Fix A > 0, 1/ G N. Let us approximate f^^x by the polynomials in ^($). 

+00 N 

Let h{x) = ^afcX^^x G R. Let P2n{x) = ^akx'^^,x G R, G N. 

k=Q k=0 

Using the Taylor formula and the estimate (18), we have 



Co X 



2N+1 



\h{x) - P2n{x)\ < j§^^_, xeR. (21) 



Set 

L 



Q2n{x) = jJ My)P2N{X{x - y)) dy, xeR,Ne N, 



-L 



where L > is chosen so that supp fi, C [—L,L]. Q2N is a polynomial of 
the degree not more than 2A^. 
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Let us show that the sequence {Q2n}'n=i converges in to f^^x as 

N ^ oo. We take arbitrary m,n eN. For any A; e Z+ 

L 

/Sl^) - Qmi^) = jj fl'\y){h{Kx - y)) - P2n{Kx - y))) dy, xeR. 

-L 

Using (18), (21) we have for all x e M, A^G N, A; = 0, 1, . . . , n 

l/S(^)-QS(^)l<^na 



^ A (2A^+1)! 



Thus, there exist Ci > depending on n and C2 such that for any N 

^ (^2Af+2 /-I I \ \\2N+1 

Since (/? satisfies the conditions of Lemma 7 then there exists positive 
number C3 such that for all m, iV G N 

sup((2A^ + m + 1) ln(l + \x\)- (/?(x)) 

< (1 - Q;-^)(2Ar + m + 1) ln(2Ar + + i) + C3(2Ar + m + 1). 

^From this estimate and the inequality (22) it follows that there exist positive 
numbers C4, C5 depending on m, n such that for all e N 

^ C4Cf(27V + l)(2iv+i)(i-^-^) 
- t^2jv||„^^ < (2A^ + 1)! ■ 

The right-hand side of the last inequality tends to as 00. This 

means that f^^x is approximated by polynomials in £{^) since m, n e N are 
arbitrary. 

The density of polynomials in £{^) follows from steps 1) - 3). 

Theorem 3. Let U e H{C) for some C > 0,N satisfies the eniquality 

\U{z)\ < C{1 + \z\)^ ex.p{^{Imz)), z e C. 

Then there exists the unique functional T e £*{^) such that T{exjp{—izx)) — 
U{z),z e C and 

in/)i<^c/|i/iu+2,2, f^m, 

where A > doesn't depend on U. 
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Proof. Let us take real numbers Aq, Ai, . . . , Ajv+i not equal to each other 
and zero. Choose numbers ao, Oi, . . . , Oiv+i so that an entire function 



N+1 



g{z) ^U{z) akexp{-iXkz), z e C, 



k=0 



satisfies the following condition: g'^"'^(0) = 0, n = 0, 1, . . . , A?" + 1. It is clear 
that these numbers are uniquely defined. ^Prom the estimate on U we have 
\U^^\0)\ < CiC, k = 0,l,... ,N + 1, where Ci > depends only on N. Then 
lofcl ^ C2C, A; = 0, 1,... ,A'"+1, where C2 > depends only on A^. Using the 
second condition on ip we have for some C3 > depending only on A'^ 



g{z)\ < C3C(l + |^|)^exp(^(/mz)), zeC. 



Let h{z) = ^_^^^]r+2 - Obviously, 

1 + \z\ 

where C4 > depends only on A^. 

As in Lemma 6 3p E C(]R) such that: 

1. sup \p{t)\ exp{<f{t)) < — -; 
teiR ^ 

2. h{z) = J^p{t)e-'^* dt, zeC. 

Define functional T on £($) by the formula 

N+1 „ 

T{f) = Yl <^kf{\k) + / P{t)f^''^'\t) dt, f e 

It is easy to show that for some A > depending only on A^ |^(/)| < 
^C'll/IU+2,2 . / e Consequently, T e £*($). Obviously, 

T{exp{—izx)) = U{z),z e C. 

Now we prove the uniqueness. Suppose that S e S{exp{—izx)) — 

e C. Let us show that S = Q. Let PN,i{x) = ^ ^, a; G M, A^ G Z+. 

z/=0 ^ ■ 

We show at first that for any R> the sequence of polynomials {PN,i}N=o 
converges m £{^) to e^^ uniformly by ^ G [-R, R] as N ^ 00. Let n, m G N 
be arbitrary. ^Prom the Taylor formula 



\^\N-k+l\ \N-k+l 



- Piv-fc,^(2:) I < max(l, e^-). A; = 0, 1, . . . , AT, 
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then as N > n 



sup T— = sup -— 

a;eK,0<A;<n '^mKX) xeM.,0<k<n '^m[X) 



< 





•■+1 







sup 



|a;|^^'-^-+hiiax(l.e«^) 



R^+' (1 + |,7-|)-^'+iiiiax(l.(-'0 

- {N-n + iy. M^) ■ 

Since 3 A, B > depending on R such that for all ^ e [—R, R], x e R, ip{x) — 

a 

> — B, then, using Lemma 7, we can find constant Q > 1 

independent of ^ e [—R, R] such that 



(1 + |,/i)-^'+"J-iiiax(Le«^) 



^Prom these two last estimates it follows that 



sup 



xeM.,0<k<n 



uniformly by ^ G [—R, i?] as — > cxd. Since n, m are arbitrary, then it means 
that for any i? > {Pn,^}n=o ^ e^^ in £($) uniformly by ^ e [-R,R] as 

N ^ oo. ;Prom this we conclude that V ; — converges uniformly on 

compacts from M to S'(exp(^a;)). By assumption for any ^ G R 5'(exp(^a;)) = 
0. Consequently, S{x^) — for all u e Z+. Since the polinomials are dense 
in £"($) then S = 0. 

The theorem is proved. 

4. The proof of theorem 1. 

In this section at first we briefiy describe a special case of M. I. Solomesch's 

general result [7], [12]. 

Let / be an arbitrary entire function with zeros {Aj}°2=i C C of corre- 
sponding multiplicities {mj}'^^. The Weierstrass representation of / has the 
form [2, p. 17] 

/(A) = 9{X) n (l - """^ (^^ (^)) ' ^ ^ ^' 

where g is an entire function without zeros, Pj are special polynomials, j G N. 
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Let t — be a sequence of complex numbers such that for any j eN 

X- + tj ^ 0. Put 

,(.).,„)n(l-^)""exp(p,(A)),.,c. 

Now we can formulate the result of M.I. Solomesch [7], [12, chapter 2, §3]. 
Theorem S. Let the disks D{\j,rj) be pairwise disjoint, Xj+tj e D{Xj,rj), 

Vj > 0, J e and < oo. 

oo 

Then ft is an entire function and for A outside (J D{Xj,rj) 

|ln/,(A)|-|ln/(A)||<C, 
where C > is some constant. 
Proof of theorem 1. 

Obviously, the map J : T ^ T, T e G*, is hnear and by Lemma 5 acts 
from G* to P. 

J is continuous. Indeed, if T e G*, then for some m e N T e G^. 
Hence, 

\Tif)\<\\T\\a,Jf\\G,m, f^G, 
where m is a norm of T in G*^. By Lemma 5 

1^(^)1 < ||r||g.^^exp(^(/m ^) + ^ e C, 
where > is some constant. Consequently, 

riL+i<e''"||T||^.,^, Tec;. 
This means that J is continuous. 

At first we prove that J is injective. That is, if for T e G* T = 0, then 
T{f) = yfeG. We will follow the scheme of the paper [14, see the proof 
of theorem 2.8]. By Lemma 3 T is represented in the form 

T{f) = y 7 Kttt- ! diikix), feG, 

where are complex bounded measures in R such that V/c G Z+ 
^^d\iXk\{x) < \\T\\q, ^. Note that functional 
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is in £^*($). By Lemma 5 T[z) = ^ Vk{z)z'^, where entire functions Vk{z) 



fc=0 

(— i)*^Tfe(exp(— ixz)) for some Bm > independent of k satisfy the estimate 

iHMu ^"''+itT;'y"'^" .-^^- (23) 

[a + SmrMk 

Consider H{z,u) = ^ Vk{z)u^, z,u & It is easy to see that H{z,u) is 

fc=0 

entire. Prom (23) we have an estimate for H{z, u) 

\H{z,u)\ < :?!!ii^±£!I^(l + |^|)-("-i)exp(V'(/m^)+«;^+i(|ii|)), z.ueC. 

By our hypothesis H{z,z) =0, z E C. Hence, H{z,u) — {z — u)S{z,u), 
where 5* is entire. Note that S satisfies the estimate 

\S(z,u)\ < As{l + \z\r^''-'^eMHlm z) +Wm+i(\u\)), z,ueC, (24) 

where /I5 > is some constant. It is obvious when I2; — m| > 1 and for 
I2; — w| < 1 it can be obtained by applying the maximum principle and 

by using the inequality (4). Then we expand 5" in a power series in u: 

00 

S{z,u) — Sk{z)u^. By Cauchy's inequality for the coefficients in a power 

fc=0 

series expansion, equality (14), inequality (24), we have 

^ ( ^ ^kM + 1^1)"^""'^ exp(V'(/m z)),ke Z+, z e C. 

By theorem 2 there exist £ S*{^) such that $fc(exp(— izx)) = Sk{z), z eC 
and 

where N = [m{a — 1)] + 1, constant K > doesn't depend on k E Z+. 
Since H is represented in the form 

00 

H{z, u) = zSoiz) + J2(^Sk{z) - Sk-i{z))u'', 

k=l 

then Vo(z) = zSoiz), Vkiz) = zSkiz)-Sk-iiz), A: G N. By theorem 2 To(/) = 
i$o(/'), {-^fTkU) = ^$ik(/') - *fe-i(/),/ e £($). According to 11) \J5 > 
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3^5 > : Vn e N M„+i < ^^(1 + 5)"M„. Then from (25) we have for 
feG 

[a + Em+irMn xm.,0<k<N+2 ^2{x) 

<^ sup 

<K\\f\\ ( i-±i:,±^}i^±3^ 

where Ks = K sup {{a + em+2f^^A]+^{l + . Choose 5 so small 

0<fc<Af+2 V ^ 

^^^^ (^ + W2)(l + ^)^'+^) ^ ^_ ^j^^^ ^ as n ^ OO. There- 

C + ^m+l 

fore, for any f E G 

oo oo 

T(f) = J]T,(/«) = i$o(/') + J2^'^'^k{f''''^) - i'^k-iif^'^)) 

k=0 k=l 

= lim i"+^$„(/(''+^^) = 0. 

n— >oo 

Now let us prove that J is surjective. Let an entire function F E P for 
some m e N, c > satisfies 

|F(^)| < cexp(V'(/m ^) ^ e C. (26) 

We wish to show that there is g G* with T = F. 

Since functions ipllm z),Wm+3{\ z\) satisfy the conditions of the theorem 
6 of [16] (see also [17, theorem 4], then there are entire functions L and Y 
such that: 

(LI). All the zeros {A^}f^ of L are simple and the disks D{Xj,di\Xj\^~'^) 
are disjoint for some di > 0. 

oo 

(L2). Outside the set \J D{Xj,di\X/~'') 

|V^(/m ^) -ln|L(^)|| <^ln(l + |^|) + A, (27) 

where A, Aq are some positive numbers. 

(Yl). All the zeros of Y are simple and the disks D(//jk, ^2) are 

disjoint for some d2 > 0. 
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oo 

(Y2). Outside the set \J D{i^k,d2) 

k=l 

|w^+3(| z\)-\n\Y{z)\\<B\n{l + \z\) + Bo, (28) 

where B, Bq are some positive real numbers. 

It can be assumed without loss of generality that > max(l,4(i2) for 
all /c e N and \Xj\ > max(2(di + ^2), 1) for all j e N. 

At first, having functions L and Y, we construct an entire function Af & P, 
which outside some exceptional disks satisfies the estimate 

\J^iz)\ > Cj^e>q){il){Im z) +Wm+ii\z\)), 

where Cj^ is some positive number. 

By the maximum principle applied to Y in disks D{ij,k,d2),k e N, and 
using inequality (4), we get from (28) 

\Y{z)\<B,exp{wm+3{\ ^|) + 51n(l + |^|)), z e C, 

where Bi is some positive number. Whence, using Lemma 2, we have for 
some B2 > 

\Y{z)\ < B^eMy^m+Ail z\)), z e C. (29) 

00 

For any > 0, 6 e (0, 0^2) let fl{b, i^) = \J -D(//fc, bliikl'")- Let us estimate 

k=l 

\Y{z)\ from below outside the set Q(6, u). For any k eN 



Yk{z) = , , , z e D{iik,d2). 
Y{z) 



Yk{z) is holomorphic in D{fj,k, (^2) and has no zeros there. 
By the maximum principle 

£^2 

\Yk{z)\ < -^yJJY^ ' ^ ^ D{fXk,d2), 

where Zq is a point of G dD{fik,d2) where the minimum of |^(-2:)| over 
D{iJ>k,d2) is attained. ^From this, using (28) and (4), we obtain 

\Yk{z)\ <Ci(l + |z|)^exp(-^/;^+3(kl)), z e D{nk,d2), 
where Ci > doesn't depend on k. Hence 

(-/l(i + \z\)'^ 
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Thus, for z e D{[i],, d-^ \ D{[i^, h\n^\ 

6exp(wm+3(|z|)) 



\Y{z)\ > 



Cii/^fcr(i+ki) 



B ■ 



A\z\ 

Since for z e D{iik,d2) \nk\ < then 

where C2 > doesn't depend on k. 
iFrom (28) and (30) we get 

where C3 > is some constant. Using Lemma 2, we get 

\Y{z)\ > C4exp(w„+2(|^|)), z i Q{b,p), (31) 

where C4 > is some constant depending on b, u. 

Now we need to choose positive numbers 6, v and sequence t — {tj}'jL\ C 
C such that: 

1) . for every j G N D{\j + tj, h\\j + tj\''') C D{\j, di\\j\^~")- 

2) . 0(6,i/)n ^(Aj + i,-,&|Aj + i,r")j =0; 

00 

3) - E|i.l|A,r'<oo. 

We need only shghtly to develop the scheme which was introduced in [13] 
(see also [12, Chapter 2, §4 ]). 

Let nn{r) is the number of zeros of Y of modulos at most r, r > 0. From 
the estimates (29), (1) it follows that Y is an entire function of order 1 and 
finite type. Consequently, for some > 1 n^(r) < A^r, r > [2, $ 5]. 
Choose V and h so that z/>2« + l, 0<6< min(ci2, (ii2"(''+''M^^). 

Let us introduce the notations: A(z) = \z\,z e C, D^^y — 
D{i^k,bWr), D,,L = D{XJ,d^\X,\'-''), k,j G N. 

Let j e N be arbitrary but fixed. For k E N such that A{Dkx) n 
A{Dj^i) 7^ we have — |Aj|| < / , where I — di + ^2. Sum s of lengths 
of all intervals A{Dk,Y) intersecting A{Dj^L) is estimated as follows: 
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Since \Xj\ > 21 for all j e N, then s < 2''+%A^\X/ " . Put aj = 
2'^'^^bAi^\Xj\^~'' . There exists an interval {\Xj\ + ko(Jj,\Xj\ + (ko + l)(Tj), 

oo 

where ko + 1 < 4n(|Aj| + I), not intersecting (J A(£)fc_y). Put tj — 

k=l 

1 

{ko + exp(i arg Aj). Thus, the choice of the points tj is the same as 
in [12], [13]. Now we estimate \tj\: 

\tj\ < {ko + l)(Jj < 4n(|A,-| + 02"+'6A^|A,f ~" < 2'^+^Mj|A,f (32) 

Consequently, 

oo oo 

5] MXjr' < 2'^^'bAiY,\x,r'-'' < oo, 

i=i j=i 

since u — a — 1 > a and the covergence exponent of the zeros of L doesn't 
exceed a. This means that the condition 3) holds. 

Due to (32), choice of b and since \Xj\ > 1 for all j e N, the condition 
1) holds too. 

By the construction disk D{Xj + tj,-^) doesn't intersect Q{b,u). Since 

^ = 2^+^6A^|Ajf-'' > b{\Xj\ + Itjl)-'^ = b\Xj^t.^-\ then disk D{Xj + tj, 

6|Aj +tj|~'^) doesn't intersect ^2(6, z/) too. Thus, condition 2) is satisfied. 
Denote i:>(Aj + tj, b\Xj + tj|"'') by D'-^^ , j e N. 
According to theorem S satisfies 

oo 

|ln|Li(z)|-ln|L(z)|| <C, ^ ^ |J , 
where C > is some constant. ^From this and (27) it follows that for 

oo 

^ i U ^3,L 

I In \Lt{z) \ - i)[lm z)\ < Aln{l + \z\) + Ao + C. (33) 

Note that from (2) for Zi,Z2 G Djl 

|V'(/m zi) - ij{Im Z2)\ < Ai, (34) 

where > is some constant independent of j e N. 

Applying the maximum principle to Lt in every disk Dj L and using (33), 
(34), we obtain 

oo 

\Lt{z)\ < A2{1 + |z|)^exp(^(/m z)), z e \J D^^l, (35) 
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where A2 > exp{Ao + C) is some constant. 

^From (33) and (35) it follows that (35) holds for all ^ e C. Using the 

inequalities (27), (33), (34), it is not hard to show ( see, for examaple, [8, 

00 

Chapter 2, §4]) that outside (J D'- 

i=i 

\Lt{z)\ >exp(V'(/m ^) - ^ ln(l + |^|) - A4), (36) 

where A3, A4 are some positive numbers. Thus, the necessary estimates of 

00 

\Lt\ from above in C and from below outside IJ D'- are established. 

i=i 

By the choice of 6, u the sums of the radii of the disjoint exceptional disks 
D'-j^ and Dj^y are finite. Hence there exists a sequence {/njJ^Li of circles e 
In — ^ '■ \A — Ftn\-i Rn ^ 00 as n ^ oo, which doesn't intersect the 
disks D'- and Dfe,y. 

Put ' 

C{z) = ^^-^ , . e C, 

n(^-(A,+t,)) 

where A?" e N is such that N > A-\-2. Then from (35), (36) for some positive 
constants A^, Aq 

|£(.)|<^i^^^PMZjii)), ,eC; (37) 
1 + \z\ 



\az^\ > -^6exp(^(/m z)) 

(l + |.|)-3.iv '^^^.jJ^^-- ^^^^ 

Let M{z) = C{z)Y{z), z e C. Let {an}n=i be the zeros of Af or- 
dered by non- decreasing modulus. By (31), (38) and Lemma 2 for z outside 

00 

the set {J D{an,b\an\~'^) 

n=l 

\Af{z)\ > CArexp(^(/m z) + w^+i{\z\)) , (39) 

where CV is some positive number. In paricular, this estimate holds on the 
circles /„, n G N. 

Let K be an arbitrary compact in C and /cq ^ be such that K C 
D{0,Rko). For k>ko let 
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Then 



F{an) 



F(z) 

+ 2ni^^, zeK. 



M'{an){an-z) N{z) 



(40) 



I <Rk 

Using (26) and (39) ioi z & K we have 

cexp(?/'(/m +Wm{\i\)) 



\nz)\ < 



dist{K, Ik) exp(V^(/m + w^+i(|^|)) 



Letting /c — > oo in the right-hand side of this inequahty and taking Lemma 
2 into account, we get I{z) = 0, z & K. 
Letting A; — > oo in (40), we obtain 



Since compact X was arbitrary, then (41) holds for all z e C. 
Consider the series 

^F{a^N{zl 



(41) 



(42) 



We wish to show that it converges uniformlv on cvcrv compact set of complex 

■ Miz) 

plane. At first for any n G N we estimate , 2; G C. We consider two 



z- a. 



cases. 

The first case. Let a„ be the zero of C. Then for some j G N a„ = 
hence 



z — an z — {Xj + tj) 



lizi D', then by (37) 



£(.) 



< 



cxp{ip{Im z)) \Xj + 



(43) 



If 2; G D'-^, then by the maximum principle 



z - {Xj + tj) 



< max 



C-{Xj + tj) 



Let maximum in the right-hand side of the last inequality is attained at 
a point ^0 e ^F>j^. Then, again using the inequality (37), 



^z) 
z-{Xj+tj) 



< 



m^o)\\Xj + tj\'' ^ A,exp{^{Im Co)) \>^j + tj\'' 
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Taking into account that for z e D'^ j^ |^o| > l-^l — 1, and using (34), we 
obtain 



L{z) 



z - (Xj + tj) 



< 



exp{ip{I'm z)) \\j + 



(44) 



where Ay > is some constant independent of j. Thus, from (43), (44) we 
have 



C(z) 



Z — ttr, 



Ascxpjipilm z)) I 

— 1 I I |2 ' 

1 + \z\ 



(45) 



where As — b max(A5, Ay). ^Prom (29), (45) we get in the first case 



< A9|a„|''exp(V^(/m z) + Wm+4{\z\)), z e C, 



(46) 



where Ag — AgB2. 

The second case. Let a„ be the zero of Y. Then for some k eN an — /J-k- 
Hence 

Afiz) Y{z) 



Z - an Z - jjLk 

liz ^ Dk,Y, then from (29) 



Liz), zeC. 



Viz) 



< b ^B2exp{wm+ii\ ^|))|/ifcr, zeC. 



If z e D}; Y, then by the the maximum principle 



(47) 



Y(z) 



z- jlk 



< max 



Y{0 



Let maximum in the right-hand of the last inequality is attained at a 
point ^0 £ dDkx- Then, again using (29), we have 



Y(z) 



< b-'\Y{Co)\Wr < b-'B2eM'>J^m+M)Wr ■ 

z — ^Ik' 

For z e Dk^Y \^o\ < \z\ + 1, so from the last inequality, using (4), we get 

Y(z 



z- fik 



< B3ex.p{wm+4{\z\)\iJ,kr , 



(48) 
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where S3 > doesn't depend on k. ^Prom (47), (48) it follows that 

Y{z) 



Z — ttr 



(49) 



where B4 = max(6 ^i?2, -B3) doesn't depend on n. Prom (37) and (49) in the 
second case we obtain 



Af{z) 



Z — ttr 



< Aiolanl" exp{tp{Im z) + Wm+4.{\z\)), z e C, (50) 



where Aio — /.From (46) and (50) we conclude that in both cases 



Af{z) 



Z — Ur 



< Aiilttnl" exjp{il;{Im z) +Wm+4:{\z\)), z e C, (51) 



where Au = max(A9, Aio). 
^From the representation 



11 r 

''{an) 2m J 



|$-a„|=6|a„| " 

the inequality (39) and by using (4) and (34), we get 
1 



Af'ian) 



< Aulttn] " exp{-{ij{Im an) + Wm+l{\(^n\))), 



where constant A12 > doesn't depend on n G N. /^From this and (26) we 
obtain 



Fiar 



M'{an) 



<cAi2\an\ ''exp('u;^(|a„|) - 'u;^+i(|a„|)), n e N. 



By Lemma 2 there exists constant Q > such that Wni{\an\) — Wm+i{\an\) < 
— {a + 1) ln(l + |a„|) + Q Vn e N. Consequently, 



F{an] 



N'iar 



< Ai3(l + |a„|)-("+'^+^\ neN, 



(52) 



where constant ^413 > doesn't depend on n. 
^From (51) and (52) for every 2; e C we have 



E 

n=l 



F{a, 
M'ia, 



N{z) 



z — ar 



00 

< AnAia 5^ (1 + |an|)"^"+'^ exp(V'(/m ^)+w^+4(k|)). 



n=l 
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Since the convergence exponent of the zeros of J\f doesn't exceed a, then 

oo 

J](l + |a„|)-("+^)<oo (53) 



n=l 



Consequently, the series (42) converges uniformly on every compact subset 
of C. Hence by (41) ((41) holds for all 2; G C) we have 

Now we wish to define J^n £ G* such that Pni^) — '^^^^ , 



2; G C, n G N. There are two cases. 

The first case. a„ is the zero of £. Hence, ^ — ^ ^(^)) 2; G C. By 

(29), (45), Lemma 6 there exists Tn G G* such that J^n{z) = "^^^'^ , 2; G C 

and \J^n{f)\ < /3m+4^852|anni/|lG,„+5 ' / ^ G. 

M(z) Y(z) 

The second case. a„ is the zero of F. Hence, = C{z) , ^ G C. 

By (37), (49), Lemma 6 there is ^„ G G* such that Tn{z) = '^^^^ , ^ G C 

and \TnU)\ < Pm+4A,B4ann\f\\G,„.^, , feG. 

Thus, in both cases for every n G N there is ^„ £ G* such that 

/■n(^) = ^^^ ,^eC, (55) 
z-an 

and 

|^„(/)|<i/|a„ni/||G,^+5,/eG', (56) 
where constant H > doesn't depend on n. Put 

Because of (52), (53), (56) JF is defined correctly and it belongs to G*. ^From 
(54) and (55) we have jF = F. Thus, J is surjective. 

By the open mapping theorem for the spaces {LN*) ([9], [6, p. 12]) J 
establishes topological isomorphism of the spaces G* and P. Theorem 1 is 
proved. 
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